Quantum phase transitional patterns in the whole parameter space of the consistent-Q Hamiltonian in the interacting boson model are studied based on an implemented Fortran code for the numerical computation of the matrix elements in the SU(3) Draayer-Akiyama basis. Results with respect to both ground and some excited states of the model Hamiltonian are discussed. Quantum phase transitional behavior in a variety of parameter situations is shown. It is found that transitional behavior of excited states is more complicated. Pt isotopes are taken as examples in illustrating the prolateoblate shape phase transition.
Introduction
Quantum phase transition (QPT) in atomic nuclei is an interesting subject in nuclear structure theory. Most early theoretical analyses on nuclear shape (phase) transitions in the interacting boson model (IBM) were carried out in [1] [2] [3] . It is now widely accepted that the three limiting cases of the IBM correspond to three different geometric shapes of nuclei, referred to as spherical [vibrational, U(5) ], axially deformed [SU (3) ] and γ -soft [O(6)], respectively, which is usually described in terms of the Casten triangle [4] . The U(5)-SU(3) transitional description of the rare-earth nuclei reported in [5] included detailed results for most quantities of physical interest. Evidence for coexisting phases at low energy in spherically deformed transitional nuclei was also analyzed by using a U(5)-SU(3) transitional theory, and the results show that the two phases coexist in a very narrow range of parameter space around the critical point [6] due to finite N effects [7] . Recently, since the discovery of the X(5) and E(5) symmetry in this region [8] [9] [10] , the spherical to axially deformed shape transition has attracted further attention [11] [12] [13] [14] [15] [16] [17] [18] [19] . The Q-consistent IBM Hamiltonian approximated by a scalar two-level interacting boson description was analyzed in [20] . Furthermore, it was pointed out that the oblate shape (phase) of nuclei corresponding to the SU(3) limit situation should also be included in the model to elucidate the prolate-γ -soft-oblate shape (phase) transition, which enlarges the parameter space into the extended Casten triangle [21] [22] [23] shown in figure 1 .
In this paper, we investigate quantum phase transitional patterns of some quantities in the whole extended Casten triangle. The results were obtained based on an implemented Fortran code for numerical diagonalization in the SU(3) Draayer-Akiyama basis [24, 25] .
The consistent-Q Hamiltonian and its diagonalization
Though there are many different choices of the model Hamiltonian, the simple consistent-Q formalism can be used for characterizing all situations of transitional patterns in the IBM if only one-and two-body interactions are taken into consideration. The consistent-Q Hamiltonian can be written as [26, 27] 
where N is the total number of bosons in a system,Q(ζ ) = s (2) is the quadrupole operator, c > 0, 0 η 1, and − √ 7/2 ζ √ 7/2 are real parameters. Therefore, in figure 1, the U(5) spherical shape (phase) corresponds to the η = 1 case, the O(6)γ -soft shape (phase) corresponds to η = 0 and ζ = 0, the SU(3) prolate shape (phase) corresponds to η = 0 and ζ = − √ 7/2, and the SU(3) oblate shape (phase) corresponds to η = 0 and ζ = √ 7/2, respectively. Hamiltonian (1) is diagonalized under the U(6) ⊃ SU(3) ⊃ SO(3) basis spanned by {|N(λμ)χL }, where χ is the Draayer-Akiyama quantum number [24, 25] used to resolve the branching multiplicity occurring in the reduction of SU(3)↓SO(3) of which the basis vectors are orthonormal,
Hence, the eigenstates of (1) can be expressed as
where ξ is an additional quantum number used to distinguish different eigenstates with the same angular momentum L and C Lξ (λμ)χ (η, ζ ) is the corresponding expansion coefficient. [24, 25] . Since the Fortran code is specially implemented for diagonalizing Hamiltonian (1), one can use it to study the transitional behavior of the system across the whole of the Casten triangle within a reasonable amount of CPU time. Table 1 shows the CPU time used for diagonalizing the Hamiltonian (1) with arbitrary values for the parameters η and ζ on a Pentium4(R) 2.4GHZ/256MB PC for various N and L cases, which suggests that the code, running on a machine of this type, can be used for any case up to N ≈ 100. From these results one can see that the multiplicity of L in the SU(3) ⊃ SO(3) reductions (typically χ max = 1 for L = 0; χ max = 2 for L = 2; χ max = 4 for L = 4; etc) plays a key role in determining the complexity of the calculation.
Quantum phase transitional patterns in the whole extended Casten triangle
In this section, we report some physical quantities varying within the whole extended Casten triangle. Figure 2 shows the 0 + g ground-state energy E 0 /c as a function of η and ζ for different total numbers of bosons N.
The fractional occupation probability for d-bosons in the ground state [12, 16] , known as the first-order parameter defined by
+ g , as a function of η and ζ is plotted in figure 3 .
A common feature of figures 2 and 3 is that the surface is symmetric with ζ reflection: ζ ←→ −ζ , and is divided into three regions: a spherical (S) region with η > 0.5, a prolate (P) region with η < 0.5 and ζ < 0, and an oblate (O) region with η < 0.5 and ζ > 0. The intersection or crossing point of the lines that divide these regions is exactly the triple point corresponding to the E(5) symmetry of a special Bohr Hamiltonian that describes the S, P and O phases as existing simultaneously [29] . The dividing line between adjacent regions is rather vaguely defined for small values of N, but with increasing N it becomes sharper and sharper. Along these lines there is a rather narrow band where the respective shapes coexist (two-phase configurations) for small values of N. These bands of coexisting shapes grow narrower and narrower with increasing N. For example, the 0 + g ground-state energy E 0 /c surface within these regions and the respective dividing lines are characterized in figure 4, which agrees with the fact that the O-P, S-P and S-O are all first-order quantum phase transitions. The fact that there is a band of two-phase configurations along the lines dividing the regions appears to be a finite N effect; that is, the larger the N the narrower the band and the sharper the transition.
Besides the quantities for the ground state, more quantities related to some low-lying excited states are also useful to reveal the nature of quantum shape (phase) transitions in nuclei. The isomer shift defined by
where α 0 is a constant, is also sensitive to the transitions, which is used to define [6, 16] the second-order parameter ν 2 = δ r 2 /α 0 N . Figure 6 displays the isomer shift in the extended Casten triangle.
Similarly, figure 7 shows B E2; 2
2 as a function of η and ζ in the extended Casten triangle, where the E2 operator is taken as simplŷ
and q 2 is the effective charge. states can also be used as an order parameter. In the consistent-Q formalism, R 4/2 = 10/3 for both prolate (SU(3) limit ) and oblate (SU(3) limit) cases, R 4/2 = 5/2 for the γ -soft (O(6) limit) case, and R 4/2 = 2 for the spherical (U(5) limit) case. Figure 9 shows R 4/2 for the N = 5, 10 and 26 cases, respectively. The results shown in figures 7-9 are consistent with the early observations made in [7, 23] .
In addition to the analysis of ground-state properties in the extended Casten triangle, we found that the quantum phase transition behavior can also be observed in some excited states with the same angular momentum when η and ζ assume special values. Here, we only focus on 0 + 2 and 0 + 3 level crossing-repulsion transition occurring near η = 0.3 due to a change in the ζ parameter. As is clearly shown in figure 10 , there is a level crossing point near η = 0.3 when ζ is exactly zero, while it becomes level repulsion when ζ < 0. Figure 10 only shows level repulsion curves with ζ = −0.1. Therefore, there is a clear N independent quantum phase transition when ζ changes from ζ = 0 to ζ < 0. Such a quantum phase transition can also be observed from the B(E2) values associated with these two levels. Figure 11 shows the ratios B E2; 0 As can be seen, there is a clear crossing point near η = 0.18 when ζ = 0, while there is no crossing when ζ = −0.1. Though these ratio changes near the critical region are rather small, they can be observed for some transitional nuclei.
In order to show relative energy gaps among excited levels, an energy spectrum with one of the control parameters fixed is plotted, which clearly demonstrates quantum shape (phase) transitional patterns in a two-dimensional plot. Because there are a lot of discussions about U(5) ←→ SU(3) transition with ζ = − , where there is a lowest valley around η ∼ 0. 4 . Similarly, figure 13 shows the first ten low-lying levels corresponding to 0 In order to investigate how the level scheme changes in the whole control parameter space, figure 14 plots some low-lying energy surface cross section at η = 0.0, 0.1, 0.2, 0.3, 0.4, 0.45, 0.5, 0.6 for N = 25, which clearly shows the corresponding quantum transitional behavior. These levels are also symmetric with respect to ζ ←→ −ζ reflection. The critical point is at ζ = 0. With increasing η, sudden change in amplitude of energy among these levels is gradually diminished. As shown in figure 14 for the case of N = 25, the SU(3) − O(6) − SU(3) transition disappears when η is near 0.45. It can be inferred that the prolate-oblate shape (phase) transition will totally be diminished when N and η are large enough leading to a vibrational spectrum corresponding to a spherical shape.
Analysis for another quantity β 2 related to the quadrupole deformation is also made, which is defined by [30, 31] 
where sign Q 2 + 1 is the sign of the quadrupole moment of the first 2 + state, Z is the proton number, R 0 is the mean radius of nucleus and e is the charge. In figure 15 , the left panel 
Application to even-even Pt isotopes
In this section, as an example, we use the consistent-Q Hamiltonian (1) to describe the eveneven Pt isotopes. Most of the even-even Pt isotopes were studied using the consistent-Q Hamiltonian by McCutchan et al [32, 33] . It is well known that quadrupole moments of eveneven 174−186 Pt are greater than zero, while those of even-even 188−200 Pt are less than zero. The description studied in [32] [33] was only based on prolate−γ -soft transitions corresponding to the original Casten triangle. However, it is clear that there is an obvious prolate-γ -soft-oblate shape phase transition occurring around 186−188 Pt. Therefore, it is more appropriate to describe these nuclei by using the parameters within the extended Casten triangle. In order to reduce the number of parameters, we first searched for the best set of parameters to fit the energy spectrum of each of these nuclei, and then looked for A-dependent empirical formulae for these parameters. We found that two sets of mass A dependent results for the three parameters The discontinuity in these parameters is due mainly to the prolate-oblate phase transition around 186−188 Pt. A few of the low-lying levels that we fit are shown in figure 16 . The deviation from the experimental results is reasonable given the fact that a simple threeparameter consistent-Q formula was used. Among these isotopes, levels for A 194 have been well studied [32, 33] by using the same Hamiltonain with ζ < 0. However, in order to describe the sign change in the quadrupole moments of even-even 174−200 Pt, one must enlarge the parameter space into the extended Casten triangle with − √ 7/2 < ζ < √ 7/2. Therefore, our fit is different from the situation considered in [32] [33] , in which only the standard Casten triangle region with ζ < 0 was considered. Figure 17 shows results of the fit to the experiment with the quadrupole deformation parameter β 2 given by (5) . The extension of the theory into the whole of the Casten triangle is a key to the quality of these fits.
Some B(E2) values for 174−200 Pt calculated by using the consistent-Q Hamiltonian with parameters given in (6) are compared with the corresponding experimental values in table 2, with the effective charge taken to be q 2 = 1.85e. In table 2, the symbol (−) indicates that the corresponding experimental value has not been reported up to now. The overall fit seems to be in reasonable agreement to the data. It should be noted that the ratio B E2; 0 
Conclusions
In this paper, QPT patterns in the full parameter space of the consistent-Q Hamiltonian in the IBM are studied based on an implemented Fortran code for numerical computation of the matrix elements in the SU(3) Draayer-Akiyama basis. Results with respect to both ground and some excited states of the model Hamiltonian are considered. Quantum phase transitional behavior in a variety of parameter situations is explored. The results suggest that narrow bands of coexisting two-phase regions near the three phase dividing lines for small values of N may disappear when N becomes sufficiently large, a result that is in agreement with the oblate-prolate, spherical-prolate and spherical-oblate shape (phase) changes being first-order transitions. The narrow bands of two-phase coexisting regions seem to be due mainly to the finite N effect. Also, our results show that the transitional behavior of excited states is more complex. As an example, the 0 + 2 and 0 + 3 level crossing−− repulsion transition occurring near η = 0.3, studied as a function of the ζ parameter, shows changes that may be observed in some transitional nuclei from related B(E2) ratio changes in this region. Finally, the 174−200 Pt isotopes illustrate that the prolate-oblate shape (phase) transition is described fairly well by the consistent-Q Hamiltonian with parameters given in the extended Casten triangle.
